We consider a wrapped supermembrane on R 9 ×T 2 . We examine shrinking limits of the 2-torus and deduce a free type II superstring. We also consider another shrinking to deduce a (p, q)-string in type IIB superstring theory explicitly from the wrapped supermembrane. *
Introduction
M-theory includes the supermembrane in 11 dimensions [1] which is expected to play an important role to understand the fundamental degrees of freedom in M-theory. Actually, it was shown that the supermembrane in 11 dimensions, or R 10 × S 1 , is related to type IIA superstring in 10 dimensions by means of the double dimensional reduction [2] . On the other hand, type IIB superstring is related to type IIA superstring via T-duality, or type IIA superstring on R 9 × S 1 leads to type IIB superstring on R 10 in the shrinking limit of S 1 . Hence, type IIB superstring in 10 dimensions is to be deduced from supermembrane on a vanishing 2-torus.
Schwarz showed an SL(2, Z) family of string solutions of type IIB supergravity [3] . The (p, q)-strings [3, 4, 5] are considered to be the bound states of the fundamental strings (Fstrings) and D1-branes (D-strings) in type IIB superstring. Furthermore, it was pointed out that the supermembrane which is wrapping p-times around one of two compact directions and q-times around another direction gives a (p, q)-string, which was, however, not derived directly from the supermembrane action. In this paper we consider shrinking the 2-torus to approach type IIB superstring. Actually we deduce type IIB superstring, or F-string from the wrapped supermembrane on R 9 × T 2 in the lightcone gauge by taking a proper shrinking limit of the 2-torus. And we also obtain (p, q)-strings by taking another shrinking limit of the 2-torus.
The plan of this paper is as follows. In the next section, we consider the supermembrane on R 9 × T 2 in the lightcone gauge with a successive shrinking of the two cycles of the 2-torus. Using the area-preserving diffeomorphism (APD) of the spacesheet we first deduce a free F-string action on R 9 × S 1 , which corresponds to type IIA superstring winding around the compactified one spatial direction, and hence the shrinking of the S 1 leads to type IIB superstring. In section 3, we consider another shrinking limit of the 2-torus to deduce a free string action with (p, q)-string tension. The final section contains some discussion.
F-strings from wrapped supermembrane action
The 11-dimensional supermembrane in the lightcone gauge 1 is given by (only bosonic degrees of freedom are presented here)
1)
where i, j = 1, 2, · · · , 9, T is the tension of the supermembrane and L is an arbitrary parameter of mass dimension −1.
2 This theory has the APD of the spacesheet as a residual symmetry. We should note that L can be changed for L ′ by a simple rescaling of τ → τ L/L ′ . In this section, we consider the shrinking limit of one of the cycles of the 2-torus and deduce 1 In this paper, we consider only toroidal membranes. Precisely speaking, in this case, we need to impose the global constraints associated with the information of the global topology [6] . 2 The mass dimensions of the world-volume parameters, τ, σ and ρ, are 0.
the F-string action on R 9 × S 1 directly from the wrapped supermembrane action (2.1) on R 9 × T 2 . Let us consider a wrapped supermembrane on R 9 × T 2 . We take X 8 and X 9 as the coordinates of two cycles of T 2 . Then the target-space coordinates X i and the gauge A are expanded as
where m = 1, 2, . . . , 7, L 1 and L 2 are the radii of two cycles of T 2 and w i (i = 1, 2) are nonzero integers. Plugging eqs.(2.4)-(2.7) into the covariant derivatives and the Poisson brackets, we have
Thus, the action (2.1) is rewritten by
We consider the L 1 → 0 limit with L 2 fixed first. We shall find, however, that in a simple shrinking limit, some reduced wouldbe string variable still depends on both of the spacesheet coordinates ρ, σ, so that it is obscure that F-sting is really deduced or not in the limit. We shall solve this problem by using APD. Let us consider an APD of the spacesheet,
Actually the determinant of the matrix R 1 is one.
Due to the rescaling of τ the integral over τ together with the overall factor in the action
and also the integrand becomes
Furthermore, the integral over the spacesheet becomes as follows: Since the integrand is periodic, f (σ + 2nπ, ρ + 2mπ) = f (σ, ρ), we have
Putting all together, the action (2.14) becomes
where m, n = 1, 2, · · · , 7. Now we consider a shrinking limit of the 2-torus, L 1 → 0. We put w 1 = 1 since we can see that |w 1 | is just the number of copies of the resulting F-strings. Looking over the lagrangian in eq.(2.26) and eqs.(2.17)-(2.22), we shall notice the followings:
(i) The terms with ∂ 2 -derivative are proportional to L −1
Thus in the L 1 → 0 limit, (i) leads to the condition that the relevant modes of all the supermembrane variables should be the zero modes w.r.t. ξ 2 ,
so that the Poisson brackets are zero,
which is also implied by (ii). Thus in the L 1 → 0 limit, we have
Furthermore, from eq.(2.27) the integrand, or the lagrangian becomes independent of ξ 2 , ∂ 2 L f = 0, the integral over the spacesheet becomes
Thus, in the shrinking limit we have
where k = 0, 1, · · · , 8 and
Note that X 8 has the winding of w 2 times,
If we regard X 9 as the 11th direction, we have L 1 = g s l s , where l s and g s are the string-length parameter and the type IIA string coupling, respectively [2, 8] . Hence the resulting action (2.31) has the tension of a string in type II superstring theory,
Actually, the action S f in eq.(2.31) represents a free action of the type IIA superstring in the lightcone gauge on R 9 × S 1 , which is wrapping around the compact direction of the circle S 1 . We may flip the the sign for the "right-mover" of X 8 , or taking the "T-dual" for the eighth direction, 4 which makes sense because eq.(2.31) is an action of a free string. Consequently we have type IIB superstring. Note that the symmetry of the action (2.31) is actually enhanced to SO(8) both in the L 2 → 0 (type IIB on R 10 ) and L 2 → ∞ (type IIA on R 10 ) limit.
(p, q)-string from membrane action
In this section, we deduce the (p, q)-string action from the supermembrane action directly. We consider the shrinking volume limit of the 2-torus keeping the ratio of the radii, g b ≡ L 1 /L 2 , finite, so that we define
where l a and ǫ are parameters of mass-dimension -1 and 0, respectively. This time we consider a more general wrapping of the supermembrane on T 2 than in eqs.(2.4) and (2.5),
where
and (p, q) and (r, s) both are mutually prime integers, which means that both cycles characterized by (p, q) and (r, s), respectively, intersects once. Note that if we allow q to be zero and take (p, q, r, s) = (1, 0, 0, 1), we have eqs.(2.4) and (2.5). Henceforth, we put w 1 = 1 as in the previous section since we can see that |w 1 | is just the number of copies of the resulting (p, q)-strings. Plugging eqs.(3.1)-(3.3) into the covariant derivatives and the Poisson brackets, we have
Similarly, let us consider an APD of the spacesheet,
The determinant of the matrix R ǫ is one as before, however R ǫ is rather different from R 1 in eq.(2.15). Furthermore by an SO(2) rotation of the target space, we define Y and Z,
14)
Rescaling τ → τ L/(ǫl a γ pq ), we have
19)
20)
Due to the rescaling of τ the integral over τ together with the overall factor in the action (2.14) is now LT 2 L ǫl a γ pq dτ , (3.29) and the integrand becomes
where m, n = 1, 2, · · · , 7. Now we consider the shrinking limit of the 2-torus, ǫ → 0. Looking through the lagrangian in eq.(3.31) and eqs.(3.23)-(3.28), we shall notice the followings:
(i) The coefficients of the terms with ∂ 2 -derivative include negative powers of ǫ.
(ii) The Poisson bracket terms are proportional to ǫ −1 .
Thus in the ǫ → 0 limit, (ii) leads to the condition that all the supermembrane variables should be the zero modes w.r.t. ξ 2 also in this case, (3.32) so that the Poisson brackets become zero,
33) which is consistent with (ii). Then we have
and we have kept the flux since the integer w 2 can be infinity. 5 Furthermore, owing to eqs.(3.32) the integral over the spacesheet becomes
Consequently, in the vanishing-torus limit we have
If we regard X 9 as the 11th direction, we have
is the type IIB string coupling g IIB s [9, 3] . Hence the resulting action (3.37) has the tension of a (p, q)-string in type IIB superstring theory [3] ,
(3.38)
We shall flip the the sign for the right-mover of Y , or taking the T-dual for the eighth direction, 6 which makes sense because eq.(3.37) is the action of a free string. Then the flux term, (w 2 g s l s /γ pq g b ) 2 , which came from the wrapping of the membrane, 7 actually corresponds to the term coming from the string variable X(σ) winding w 2 times around a (vanishing) "circle" and hence it becomes the Kaluza-Klein modes [10] in the dual (flipped) variable which we call X 8 ′ = X L − X R . And hence we may write S pq as
(3.39)
In this way, we have the free action of a (p, q)-string. Note that the symmetry is enhanced to SO(8) in eq.(3.39).
Summary and discussion
In this paper, we have studied the double dimensional reduction of the wrapped supermembrane on R 9 × T 2 and explicitly deduced the free string action of the F-string in eq.(2.31) and the (p, q)-string in eq.(3.39) in the successive shrinking of two cycles and the shrinking volume of the 2-torus, respectively. In order to extract the free string modes, we used the APD of the spacesheet of the supermembrane.
Actually the infinitely wrapping supermembrane is necessary in the shrinking limit in order to recover one of the vanishing, or shrinking dimension, which is realized by the "wrapping number" parameter w 2 becoming the continuous momentum in the dual variables. We have seen the SO(8) enhancement in the shrinking limit.
These shrinking procedure should be realized on the matrix-regularized wrapped supermembrane on R 9 × T 2 [11] since the APD is retained in a slightly different form under the matrix regularization [12, 13] . Actually the APD used in this paper related to the representation of the star-commutator algebra for the set of generators [11, 14, 15, 16] . These will be reported elsewhere.
We have considered classically to approach the boundary of vanishing cycles of the 2-torus with the wrapped supermembrane. Quantum mechanical investigation deserves to be investigated [17, 18] .
